The use of tilted illumination onto the input object in combination with time multiplexing is a useful technique to overcome the Abbe diffraction limit in imaging systems. It is based on the generation of an expanded synthetic aperture that improves the cutoff frequency (and thus the resolution limit) of the imaging system. In this paper we present an experimental validation of the fact that the generation of a synthetic aperture improves not only the lateral resolution but also the axial one. Thus, it is possible to achieve higher optical sectioning of three-dimensional (3D) objects than that defined by the theoretical resolution limit imposed by diffraction. Experimental results are provided for two different cases: a synthetic object (micrometer slide) imaged by a 0.14 numerical aperture (NA) microscope lens, and a biosample (swine sperm cells) imaged by a 0.42 NA objective.
Introduction
Optical superresolution is a handy field proposed mainly to overcome the Abbe diffraction limit in imaging systems [1] . The first attempts in experimental validation on superresolution imaging were proposed by Lukosz et al [2] [3] [4] [5] . Lukosz [3, 4] laid the foundations of optical superresolution by means of the definition of an invariance theorem that states that is not the spatial bandwidth but the number of degrees of freedom of the system that is constant. Using this invariance theorem, Lukosz theorized that any parameter in the system could be extended above the classical limit if any other factor is proportionally reduced, provided that some a priori information concerning the object is known. Thus, it is in principle possible to extend the spatial bandwidth by encoding-decoding an additional object's spatial-frequency information onto the independent (unused) parameters of the imaging system. A priori knowledge permits the classification of objects into different types and allows different superresolution strategies depending on such classification: time multiplexing for temporally restricted objects [3, 6] , spectral encoding in wavelength restricted objects [7] [8] [9] , spatial multiplexing for one-dimensional objects [10, 11] , polarization coding with polarization restricted objects [12, 13] , and gray level coding for objects with restricted intensity dynamic range [14] .
One of the most appealing approaches concerning the superresolution effect is presented when the objects are statics or have slow variation in time [15] . Superresolution with temporally restricted objects can be achieved by time multiplexing the spatial-frequency bandwidth of the object in such a way that different frequency band passes are transmitted through the limited system aperture in different time slots. Then, considering a full multiplexing cycle, it is possible to improve the resolution of the imaging system in terms of the definition of an expanded synthetic aperture that provides a wider coverage of the 2D object's spectrum in comparison with the conventional case. Several approaches exhibiting transversal superresolution imaging have been proposed through the years in different application fields such as lithography [16] [17] [18] [19] , fluorescent microscopy [20] [21] [22] [23] , scanning holographic microscopy [24, 25] , imaging through a turbid medium [26] [27] [28] , and digital holographic microscopy [29] [30] [31] [32] [33] . The underlying principle of all of these approaches is to illuminate the object with a set of tilted beams or to project a grid pattern onto it. Then, by time multiplexing several object orientations, it is possible to define a synthetic numerical aperture with improved cutoff frequency and, thus, with improved spatial resolution.
But the generation of such an expanded synthetic aperture not only improves the lateral resolution. Since the axial extent of the focal spot is proportional to NA −2 [34] , a synthetic widening in the NA also implies a non-linear improvement in the axial resolution. This is of particular importance in microscopy where high optical sectioning with high transversal resolution while maintaining a large field of view and large working distance is of practical interest in many applications in life science [35] [36] [37] [38] [39] . Because low to medium NA lenses (ranging from 0.1 to 0.5 in NA value) are the most commonly used lenses in microscopy applications, the axial resolution provided by these lenses is dramatically poorer than the transversal resolution because of the nonlinear proportion. Due to its practical benefits, different approaches have been proposed over the years to overcome this [40] [41] [42] [43] [44] . In this paper, we experimentally show that synthetic numerical aperture generation using tilted beams provides full (transversal and axial) superresolution imaging. As a first case, the obtained experimental results are in good agreement with theoretical predictions when a low NA microscope lens (0.14 NA) images a synthetic object. After that, a second experimental case is presented in which a medium NA lens (0.42 NA) is used to image a biosample. We will first introduce the proposed methodology and then we will present its experimental validation.
Methodology
The optical system setup used in the experimental validation of the proposed approach is depicted in figure 1(a) . A first beam splitter (BS1) allows the implementation of a MachZehnder interferometric architecture by splitting the incoming light beam from a He-Ne laser into two beams. On one branch (the imaging branch), we assemble a microscope configuration in transmission mode; a microscope objective magnifies a transparent object onto a CCD.
Two different cases are considered. In the first one (named the one-dimensional (1D) case), the input object is mounted obliquely at the input plane by tilting it around the vertical axis. The tilt in the input object is properly adjusted to bring the image out of focus at its borders while remaining in focus at its central part. Thus, only a narrow zone of the input object is imaged in focus. This case will be used to quantify axial resolution and compare experimental value with theoretical predictions. In the second case (named the two-dimensional (2D) case), the object is not tilted at the input plane but it is not imaged at the CCD; that is, no particular object plane is imaged in focus at the CCD plane. This effect can be achieved by either moving the CCD back or moving the input sample forward. Thus, the CCD images a magnified wavefront coming from the image plane but not a focused image of the object itself.
Then, by adding a reference beam incoming from the second branch (the reference branch) of the interferometric configuration, the CCD records a hologram of the transmitted object wavefront. In the 1D case, the recorded hologram will be an image plane hologram, while in the 2D case it will be a Fresnel hologram of the object wavefront transmitted through the aperture lens. But because the bending mirror of the reference branch is slightly tilted, the reference beam reaches the CCD at oblique incidence; that is, an off-axis holographic recording geometry is produced. This allows access to the transmitted spatial-frequency bandpass through the microscope limited aperture by simple Fourier transformation of the recorded hologram. Moreover, as the presence of a lens in the reference branch allows divergence compensation between both interferometric beams, the recovered frequency band does not suffer from misfocus during the recording process.
In this digital holographic microscope configuration and considering on-axis conventional illumination, the object imaged at the CCD will be limited in both transversal and axial resolution according to the theory; that is, λ/NA and λ/NA 2 respectively, where λ is the illumination wavelength. Notice that no geometrical constraints are considered regarding the pixel size of the CCD (no geometrical resolution limit is produced) because the magnification that is achieved at the image plane is high enough to avoid aliasing problems. Now, oblique illumination is sequentially applied on the input object by the action of an illumination module placed on a rotatable holder and composed of two mirrors with a 45
• configuration and a 1D diffraction grating. A picture of such an assembly is presented in figure 1 (b). The mirrors shift the incoming laser beam parallel to the optical axis and oblique illumination is produced onto the input plane by considering the −1 diffraction order of the grating. If the basic frequency of the grating is chosen to diffract light at an angle θ that is close to double the angle defined by the NA of the microscope lens, a quasi-continuous spatial-frequency band of the input object's spectrum will be diffracted on-axis passing though the limited aperture of the lens (see [32] ). Posterior off-axis holographic recording allows the recovery of each elementary pupil using digital post-processing that involves simple numerical manipulation operations (filtering and centering of each recovered pupil) and that allows the generation of the expanded synthetic aperture.
With this illumination assembly, different oblique illuminations can be performed in sequential mode by rotating the mount that holds the illumination module around the optical axis.
In addition, on-axis illumination is also considered by removing the illumination module. In order to expand the imaging system aperture, only horizontal illumination is considered in the 1D case (only two positions of the illumination module) while a set of eight positions is needed to fully expand the aperture in the 2D case and achieve a 2D frequency space coverage (eight positions with a 45
• step between them). In both cases, the synthetic aperture will be composed by the sequential addition of different elementary pupils, each one corresponding to different tilted illumination onto the input object. Thus, the generated synthetic aperture expands up the cutoff frequency of the microscope lens for every considered direction and according to f cutoff = SNA/λ [16] [17] [18] [19] [29] [30] [31] [32] [33] , where SNA = NA + NA ilum is the synthetic numerical aperture after applying time multiplexing with tilted beams, and NA ilum is the NA of the tilted illumination (NA ilum = sin θ ).
This SNA definition makes the proposed system (microscope lens with the time multiplexing approach using tilted beams) and a microscope objective with an NA equal to the SNA that has been generated completely equivalent. As a consequence, the transversal and axial resolutions are redefined according to λ/SNA and λ/SNA 2 , respectively.
Experimental validation
In this section we present the experimental results obtained using the proposed approach, separated into two cases. In the first, a 1D validation with quantitative values is presented when a 0.14 NA microscope lens images a 1D micrometer slide. The axial resolution measured is in concordance with the theoretically predicted one once a 1D synthetic aperture is generated. In the second case, we show a qualitative 2D implementation with a swine sperm sample as an object to be imaged by a 0.42 NA microscope objective. Thus, the sequence of images obtained by refocusing the sample at different planes will evidence the improvement in both transversal and axial resolution obtained by using the proposed approach. In both cases, a He-Ne laser source (0.6328 μm wavelength) and Kappa DC2 camera (12 bits, 1352 × 1014 pixels with 6.7 μm pixel size) are used as illumination light and CCD, respectively. A common procedure can be defined for the two proposed cases. A set of different off-axis holograms corresponding to each illumination beam (on-axis and off-axis light beams) is stored in the memory of the computer. Then, the complex amplitude distribution of each transmitted frequency band-pass is recovered by applying a Fourier transformation over each recorded hologram and considering the distribution located at one of the diffraction orders. After the filtering and centering process, each recovered elementary pupil is properly replaced at its original position of the object's spectrum, allowing the generation of the synthetic aperture by sequential addition of the different single pupils. Finally, a superresolved image is obtained by Fourier transformation of the information contained in the generated synthetic aperture.
1D case: synthetic objects
Although other more complicated methods can be used, the axial resolution of a microscope lens can be measured quickly and unambiguously using the image provided by the lens itself and a particular assembly at the input plane. When a given periodic structure is mounted obliquely at the input plane and imaged by a lens, only a narrow area of such a structure will appear in focus. Thus, the axial resolution can be calculated from the width of the focused area (directly measured in the image), the refractive index of the medium surrounding the structure (air in our case), and the rotation angle of the structure (a known value).
In our case, we use a micrometer slide as the input structure and a 0.14 NA Mitutoyo infinity corrected long Figure 2 . Experimental results when a micrometer slide is imaged by a 0.14 NA lens without (left column) and with (right column) consideration of the proposed approach. Black dashed arrows mark the edge lines considered to determine the focused intervals. Cases (c) and (d) represent a plot along the black dashed line in cases (a) and (b), respectively. Cases (e) and (f) image the magnified area marked with the solid black rectangle in cases (a) and (b), respectively, and cases (g) and (h) plot the black dashed line in cases (e) and (f), respectively.
working distance microscope objective as the imaging lens. The image sequence corresponding to the 1D case is depicted in figure 2 . The stage micrometer is a clear glass slide with black anodized aluminum lines having a separation of 10 μm between two consecutive lines. The micrometer slide is tilted 8
• at the input plane to bring the lines at the borders of the image out of focus ( figure 2(a) ). According to the theoretical calculations, the axial resolution provided by the lens is 32.3 μm. As we will see, this value is in good agreement with the measured one, where 24 lines (240 μm) are in focus, which means an axial resolution value of approximately 33 μm when considering the object's tilt.
To calculate the axial resolution value experimentally, we define a criterion based on image analysis taking into account the following procedure. We plot a section of the image depicted in figure 2(a) along its black dashed horizontal line. The result is depicted in figure 2(c) and magnified in figure 2(g). As edge lines of the focused interval we have chosen the ones from which the second peak of each line disappears. This second peak has a lower intensity because it is originated from a double image incoming from the reflection between the two sides of the micrometer slide. This double image can be clearly seen from the picture shown in figure 2(e) . So, when this double image mixes with the direct one, we consider that the image is blurred. This criterion is reinforced by visual comparison through the image presented in figure 2(a) , where the lines that are selected in figures 2(e) and (g) using the previous criterion are the same ones that one may select visually. Now, we perform the superresolution approach when only two tilted beams in the horizontal direction are considered. The oblique illumination is produced by impinging onto the micrometer slide the −1 diffraction order of a 1D Ronchi ruling grating with 400 lp mm −1 (2.5 μm) basic period. According to the grating equation, the off-axis illumination angle is approximately 14.7
• , and the generated synthetic aperture has a value of 0.39 SNA in the horizontal direction.
To calculate the new interval of focused lines, we have plotted again a profile along the same black dashed line as in the previous case. The result is depicted in figure 2(d) , while a magnification of the focused area is depicted in figure 2(f) and plotted in case (h). Now, we have selected the interval of lines where the double image minimizes its intensity. Because the blur first affects the high spatial-frequency content rather than the low one, we have chosen as the interval of focused lines the interval which minimizes the intensity of the background between lines. Thus, three lines compose the focused interval, which implies an axial resolution of approximately 4 μm. This value is again in agreement with the theoretical value that is obtained from the SNA value, that is, 4.1 μm. Figure 3 (a) depicts the synthetic aperture generated when off-axis horizontal illumination is considered. We can see that two quasi-contiguous elementary pupils expand the cutoff frequency of the imaging system and allow a resolution gain factor that is close to 3 (in the horizontal direction) in comparison with the conventional imaging mode (central pupil in figure 3(a) corresponding to on-axis illumination). This can be clearly seen from figure 3(b) , where a plot along the dotted and solid black lines highlight the improvement in transversal resolution. The represented plot depicts the central focused line of the in-focus interval for the low resolution (dotted case) and the superresolved (solid case) images. Note that the superresolved case makes the plotted line of the micrometer slide narrower in comparison with the low resolution image.
2D case: swine sperm sample
A second experiment is presented considering a 2D superresolution effect and a swine sperm sample as input object. The unstained sample is enclosed in a counting chamber and it is dried, thus providing static sperm cells for the experiments. The sperm cells have a head dimension of 6 μm × 9 μm corresponding to the width and height of the ellipsoidal shape of the head, a total length of 55 μm, and a tail width of 2 μm on the head side and 1 μm at the end, approximately. The purpose of this experiment is to qualitatively demonstrate that the generation of a synthetic aperture by means of tilted beams and time multiplexing holography improves the optical sectioning capabilities, or in other words, the axial resolution, as well as the transversal one. To do this, the sample is not tilted at the input plane but the image onto the CCD is deliberately misfocused. This allows the posterior numerical refocusing of the recovered image at different arbitrary reconstruction distances. In other words, we are able to bring into focus different axial planes corresponding to different sections of the sample. The grating used in the illumination module (see figure 1(b) ) is holographically recorded and it has a 1D period of 0.8 μm. Thus, the first-order beam is diffracted at an angle of 52
• and it is used to illuminate the sample obliquely. The sample is imaged in a plane prior to the CCD by a 0.42 NA Mitutoyo infinity corrected long working distance microscope objective. Computational refocusing is performed using the convolution method, which states that the diffraction integral is calculated using three Fourier transformations through the convolution theorem. The numerical computation of the Fourier transformation operation is realized with the FFT algorithm.
In order to achieve 2D frequency space coverage of the object's spectrum, a set of nine illumination beams (one onaxis plus eight off-axis) is considered in a sequential mode. Each recorded hologram is stored in the memory of the computer and after applying the filtering and centering process in the diffracted order of the recorded hologram a numerical refocusing is performed in a posterior digital post-processing stage. This allows the definition of a synthetic aperture from the addition of the different elementary pupils for every propagation distance. Figure 4 depicts one such synthetic aperture. We can see that the SA is composed of one onaxis and eight off-axis pupils, allowing the improvement of the cutoff frequency to a value that is close to triple the conventional one. In addition, and according to the theoretical predictions, the SNA of the microscope lens using the proposed approach is expanded up to 1.20 SNA, approximately. Figure 5 depicts a set of refocused images for different reconstruction distances. The upper row corresponds to the case of conventional imaging (0.42 NA lens and on-axis illumination) and the lower row depicts the case where the refocusing is performed considering the generated synthetic aperture. We can see that, besides the transversal resolution improvement clearly visible in each pair of upper and lower images, the axial resolution is very much improved. The theoretical limits for the transversal and axial resolutions are 1.5 μm and 3.6 μm for the conventional imaging mode and 0.5 μm and 0.4 μm when using the proposed approach, respectively. We can see that the tail of the sperm cell, which is not visible under conventional illumination mode because it is below the diffraction limit of the microscope lens (upper row), now becomes resolved using the proposed approach (lower row). Moreover, as both the tail width and the head diameter of the swine sperm are smaller than the axial resolution limit in the conventional case, the sperm cell is practically invariant to the reconstruction distance and always appears in focus in any image presented in the upper row.
Due to the SNA definition, both the axial and transversal resolution limits are decreased, allowing optical sectioning of the sperm cell. We can see that the left image in the lower row has a circular shape in the cell head near the neck. This structure, which is placed in the upper side of the sperm head, is not present in the right image of the lower row that corresponds to the lower side of the sperm head. In fact, and according to the theoretical values, we have achieved an axial resolution which is lower than the transversal one; that is, the optical system has higher capabilities for optical sectioning than for conventional imaging. This is due to the non-linear proportion in the definition of the axial resolution limit.
Conclusions
In this paper we have demonstrated experimentally that synthetic aperture generation improves not only the transversal resolution but also the axial resolution. The synthetic aperture generation is based on a time multiplexing process composed of sequential illumination of tilted beams onto the input object, holographic recording of the transmitted wavefront for each tilted illumination, and digital manipulation of the set of recorded holograms. This whole process finally culminates with the definition of an expanded aperture that improves both the axial and transversal resolutions. Experimental validations are in good agreement with the theoretical predictions.
In a first experiment, off-axis image plane recording allows the recovery of each transmitted elementary pupil having different spatial information selected by the each tilted illumination beam. In a second experiment, non-image plane holographic recording allows numerical refocusing of different transversal planes of the sample in a later post-processing stage. Because of the coherent nature of the experiments, the range for focusing the image can be almost infinite, while the axial resolution becomes improved by synthetic aperture generation. Thus, it is possible to focus on different cross sections along the optical axis, allowing superresolution imaging of different sections of the input sample. This implies attractive advantages with respect to the incoherent illumination case, where the defocus means a loss in the spatial-frequency content of the object's spectrum and no refocusing in the reconstruction process can be performed.
